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1. Introduction
We consider the following quasilinear elliptic problem:⎧⎨
⎩−pu = μ
|u|p−2u
|x|p + K (x)
|u|p∗(s)−2u
|x|s + Q (x)
|u|p∗(t)−2u
|x− x0|t + λ f (x,u), x ∈ Ω,
u = 0, x ∈ ∂Ω,
(1.1)
where Ω ⊂ RN (N  3) is a bounded smooth domain, −pu = −div(|∇u|p−2∇u), 0μ < μ := ( N−pp )p , 1 < p < N , λ > 0,
0, x0 ∈ Ω , x0 = 0; K (x) and Q (x) deﬁned on Ω are nonnegative continuous functions; p∗(s) := p(N−s)N−p , p∗(t) := p(N−t)N−p (0 <
s t < p) are critical Sobolev–Hardy exponents. Note that p∗(0) = p∗ := NpN−p is the critical Sobolev exponent.
It is well known that the nontrivial weak solutions for the problem (1.1) are equivalent to the nonzero critical points of
the energy functional
J (u) = 1
p
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− 1
p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
∫
Ω
λF (x,u)dx
deﬁned on W 1,p0 (Ω), where F (x,u) =
∫ u
0 f (x, s)ds. But the appearance of combined critical Sobolev–Hardy terms in (1.1)
makes it very diﬃcult to investigate the existence of nontrivial solutions for (1.1).
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J (u) has a convergent subsequence, and a sequence {un} ⊂ W 1,p0 (Ω) is called a PS sequence for J (u) if J (un) → c and
J ′(un) → 0.
In [1], Brézis and Nirenberg studied the following elliptic problem with critical Sobolev exponent{−u = |u|2∗−2u + λu, x ∈ Ω,
u = 0, x ∈ ∂Ω, (1.2)
and proved the existence of a positive solution when λ0 < λ < λ1, where λ0 = 0 if N  4 and λ0 = 14λ1 if N = 3, λ1 is the
ﬁrst Dirichlet eigenvalue of the operator − on Ω . Struwe [2] gave an accurate description for the PS sequences of the
corresponding energy functional for the problem (1.2) and showed that the lack of compactness of the energy functional is
produced by the invariance of the H10-norm and L
2∗ -norm under the rescaling u 	→ ur = r N−22 u(r(·)), and by the existence
of nontrivial entire solutions for the limiting problem{
−u = |u|2∗−2u, x ∈RN ,
u ∈ D1,2(RN),
where D1,2(RN ) := {u ∈ L2∗(RN ): |∇u| ∈ L2(RN )}. Via the accurate description for the PS sequences obtained, the energy
range where the energy functional for the problem (1.2) satisﬁes the local PS condition was also established in [2]. And
then in [3], the existence of positive solutions was proved. Ghoussoub and Yuan [4] considered the elliptic problem involving
critical Sobolev–Hardy exponent⎧⎨
⎩−pu = α|u|
r−2u + μ |u|
q−2u
|x|s , x ∈ Ω,
u = 0, x ∈ ∂Ω,
(1.3)
where 1 < p < N , 0  s < p, p  r < p∗ , p  q  p∗(s), and obtained the existence of solutions via variational methods.
In recent years, there are many results devoted to the existence of nontrivial solutions for the problem (1.3) and related
problems, see [5–12] and the references therein.
As to the elliptic problems involving multiple critical terms, Filippucci et al. [13] proved the existence of positive solutions
for the problem (1.1) in RN with K (x) = Q (x) ≡ 1, λ = 0, t = 0 by using the existence of extremals of some Sobolev–Hardy
type embeddings. The existence of positive solutions for the semilinear elliptic problem with multiple critical terms on
bounded smooth domains was discussed in Kang and Li [14]. Kang [15] also veriﬁed the existence of sign-changing solutions
for the quasilinear case corresponding to the problem in [14]. In [16], the results in [13] were extended to the more general
problems by Xuan and Wang by employing the Mountain Pass Lemma (see [17]).
In [18], Gao and Peng established the global compactness result of the problem (1.1) for the case p = 2 on a bounded
smooth domain, and proved the existence of solutions under various conditions on functions K (x) and Q (x). For the case
1 < p < N , the global compactness result for the problem (1.1) on a bounded smooth domain was showed by the authors
in [19], moreover, some conditions required for the existence of solutions were derived.
This paper is devoted to the study of the existence and multiplicity of nontrivial solutions for the problem (1.1). We ﬁrst
show the existence of one nontrivial weak solution by using Ekeland’s variational principle (see [20]). Then we consider
three disjoint nonempty sets not containing 0 and prove that, for the functional J (u), there is one critical point con-
tained in every set by imposing some assumptions. Thus three different nontrivial weak solutions were admitted; moreover,
these solutions are one positive, one negative and the other one sign-changing. The main ideas of this paper are borrowed
from [21] and [22].
This paper is organized as follows. In Section 2, we narrate some useful preliminary knowledge and the main results
of this paper. In Section 3, the existence of one nontrivial weak solution is veriﬁed by employing Ekeland’s variational
principle. Section 4 is devoted to showing the existence of multiple solutions.
Throughout this paper, various positive constants will be denoted by c for convenience.
2. Preliminary knowledge and main results
By the Hardy inequality (see [23])
μ
∫
Ω
|u|p
|x|p dx
∫
Ω
|∇u|p dx, u ∈ W 1,p0 (Ω),
we deduce that
‖u‖μ :=
(∫ (
|∇u|p − μ |u|
p
|x|p
)
dx
) 1
pΩ
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the Hardy inequality, the Sobolev inequality and the Sobolev–Hardy inequality (see [24])
C
∫
Ω
|u|p∗(s)
|x|s dx
∫
Ω
|∇u|p dx, u ∈ W 1,p0 (Ω),
and J (u) ∈ C1(W 1,p0 (Ω)).
In the sequel, we always assume that K (0) = 0 and Q (x0) = 0. Set
h+ := max{h,0}, h− := max{−h,0},
and let
S(μ, s) := inf
u∈W 1,p0 (Ω)\{0}
∫
Ω
|∇u|p dx− μ ∫
Ω
|u|p|x|−p dx
(
∫
Ω
|u|p∗(s)|x|−s dx) pp∗(s)
be the best Sobolev–Hardy constant.
We are now ready to state the main results.
Theorem 2.1 (Existence of one nontrivial solution). Assume f (x,u) = h(x)|u|q−2u, where h(x) ∈ C(Ω), 1 q < p. Then there exists
at least one nontrivial weak solution in W 1,p0 (Ω) for the problem (1.1) if
h+ = 0, (2.1)
and λ ∈ (0,Λ1), where
Λ1 = min
{(
p − q
2(p∗(s) − q)|K |∞
) p−q
p∗(s)−p p∗(t) − p
(p∗(t) − q)|h+|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−s)(p−q)
p(p−s)
μ,s S
q
p
μ,t,
(
p − q
2(p∗(t) − q)|Q |∞
) p−q
p∗(t)−p p∗(t) − p
(p∗(t) − q)|h+|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−t)(p−q)
p(p−t) + qp
μ,t
}
,
dΩ = supx,y∈Ω |x− y| is the diameter of Ω , |Ω| is the Lebesgue measure of Ω and | · |∞ = ‖ · ‖L∞(Ω) .
In order to obtain the existence of multiple solutions, we impose the technical restrictions on the function f (x,u) :
Ω ×R 	→R as follows
f (x,u) = a(x)|u|p−2u + g(x,u); (2.2)
f (x,u) is measurable in x and continuously differentiable in u; (2.3)
f (x,0) = 0 uniformly in x ∈ Ω; (2.4)
g(x,u) = o(uγ−1) as u → ∞, uniformly in x ∈ Ω, where p < γ < p∗. (2.5)
Theorem 2.2 (Existence of multiple solutions). Assume (2.2)–(2.5) hold and there exist l ∈ (p, p∗), constants c1 ∈ ( 1p∗−1 , 1p−1 ), c2 ∈
(p, p∗), 0< c3 < c4 , such that for any u ∈ Ll(Ω),
c3‖u‖lLl(Ω)  c2
∫
Ω
F (x,u)dx
∫
Ω
f (x,u)u dx c1
∫
Ω
fu(x,u)u
2 dx c4‖u‖lLl(Ω). (2.6)
Then there exists λ∗ = λ∗(N, p, l, c3), such that for every λ > λ∗ , the problem (1.1) has three different nontrivial weak solutions.
Moreover, these solutions are one positive, one negative and the other one sign-changing.
Remark 1. The assumptions of Theorem 2.2 are satisﬁed for some functions, such as f (x,u) = |u|l−2u, where l ∈ (p, p∗).
3. Proof of Theorem 2.1
Under the assumptions of Theorem 2.1,
J (u) = 1
p
∫ (
|∇u|p − μ |u|
p
|x|p
)
dx− 1
p∗(s)
∫
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Q (x)
|u|p∗(t)
|x− x0|t dx−
λ
q
∫
h(x)|u|q dx.Ω Ω Ω Ω
528 Y. Li et al. / J. Math. Anal. Appl. 388 (2012) 525–538Set
Nλ =
{
u ∈ W 1,p0 (Ω)\{0}:
〈
J ′(u),u
〉= 0},
and then
u ∈Nλ
⇔ 〈 J ′(u),u〉
=
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx−
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx− λ
∫
Ω
h(x)|u|q dx
= 0, (3.1)
where u = 0.
Remark 2. Nλ contains every nonzero solution of the problem (1.1). Moreover, we have the following results.
Lemma 3.1. The energy functional J (u) is coercive and bounded below onNλ .
Proof. By using (2.1), (3.1), the Hölder inequality and the Sobolev–Hardy inequality, we have that, for u ∈Nλ ,
J (u) = 1
p
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− 1
p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
λ
q
∫
Ω
h(x)|u|q dx
 1
p
‖u‖pμ − λq
∫
Ω
h(x)|u|q dx− 1
p∗(t)
(∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
)
= 1
p
‖u‖pμ − λq
∫
Ω
h(x)|u|q dx− 1
p∗(t)
(
‖u‖pμ − λ
∫
Ω
h(x)|u|q dx
)
=
(
1
p
− 1
p∗(t)
)
‖u‖pμ − λ
(
1
q
− 1
p∗(t)
)∫
Ω
h(x)|u|q dx

(
1
p
− 1
p∗(t)
)
‖u‖pμ − λ
(
1
q
− 1
p∗(t)
)(∫
Ω
|x| tqp∗(t)−q dx
) p∗(t)−q
p∗(t) (∫
Ω
|u|p∗(t)
|x|t dx
) q
p∗(t) |h+|∞
 p − t
p(N − t)‖u‖
p
μ − λ p
∗(t) − q
p∗(t)q
d
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t ‖u‖qμ|h+|∞. (3.2)
Since 1 q < p, then J (u) is coercive and bounded below on Nλ . 
Deﬁne
ψλ(u) =
〈
J ′(u),u
〉
.
Then for u ∈Nλ , we deduce that〈
ψ ′λ(u),u
〉
= (p − q)‖u‖pμ −
(
p∗(s) − q)∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
(
p∗(t) − q)∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx (3.3)
= (p − p∗(t))‖u‖pμ − (q − p∗(t))λ
∫
Ω
h(x)|u|q dx− (p∗(s) − p∗(t))∫
Ω
K (x)
|u|p∗(s)
|x|s dx. (3.4)
Similarly to [25], we split Nλ into three parts:
N+λ =
{
u ∈Nλ:
〈
ψ ′λ(u),u
〉
> 0
};
N 0λ =
{
u ∈Nλ:
〈
ψ ′λ(u),u
〉= 0};
N−λ =
{
u ∈Nλ:
〈
ψ ′λ(u),u
〉
< 0
}
.
Then the following lemma can be obtained by contradiction.
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Proof. The proof is similar to Lemma 3.3 in [21]. By contradiction, we assume that there exists λ ∈ (0,Λ1) such that N 0λ = ∅.
From (3.3) and (3.4), for any u ∈N 0λ ,
‖u‖pμ = p
∗(s) − q
p − q
∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
p∗(t) − q
p − q
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx,
and
‖u‖pμ = q − p
∗(t)
p − p∗(t)λ
∫
Ω
h(x)|u|q dx+ p
∗(s) − p∗(t)
p − p∗(t)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx
 p
∗(t) − q
p∗(t) − p λ
∫
Ω
h(x)|u|q dx
 λ p
∗(t) − q
p∗(t) − pd
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t ‖u‖qμ|h+|∞,
thus
‖u‖μ 
(
λ
p∗(t) − q
p∗(t) − pd
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t |h+|∞
) 1
p−q
. (3.5)
The Hölder inequality, the Sobolev–Hardy inequality and (2.1) give that
‖u‖pμ = p
∗(s) − q
p − q
∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
p∗(t) − q
p − q
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
 p
∗(s) − q
p − q |K |∞
‖u‖p∗(s)μ
S
p∗(s)
p
μ,s
+ p
∗(t) − q
p − q |Q |∞
‖u‖p∗(t)μ
S
p∗(t)
p
μ,t
 2max
{
p∗(s) − q
p − q |K |∞
‖u‖p∗(s)μ
S
p∗(s)
p
μ,s
,
p∗(t) − q
p − q |Q |∞
‖u‖p∗(t)μ
S
p∗(t)
p
μ,t
}
.
Now we distinguish two cases.
Case 1. p
∗(s)−q
p−q |K |∞
‖u‖p∗(s)μ
S
p∗(s)
p
μ,s
 p
∗(t)−q
p−q |Q |∞
‖u‖p∗(t)μ
S
p∗(t)
p
μ,t
. It is easy to calculate that
‖u‖μ 
(
p − q
2(p∗(t) − q)|Q |∞ S
p∗(t)
p
μ,t
) 1
p∗(t)−p
.
Then (3.5) implies
λ
(
p − q
2(p∗(t) − q)|Q |∞
) p−q
p∗(t)−p p∗(t) − p
(p∗(t) − q)|h|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−t)(p−q)
p(p−t) + qp
μ,t .
Case 2. p
∗(s)−q
p−q |K |∞
‖u‖p∗(s)μ
S
p∗(s)
p
μ,s
>
p∗(t)−q
p−q |Q |∞
‖u‖p∗(t)μ
S
p∗(t)
p
μ,t
. As in Case 1, one obtains that
λ >
(
p − q
2(p∗(s) − q)|K |∞
) p−q
p∗(s)−p p∗(t) − p
(p∗(t) − q)|h|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−s)(p−q)
p(p−s)
μ,s S
q
p
μ,t .
Hence λΛ1, which contradicts λ ∈ (0,Λ1). Thus
N 0λ = ∅. 
By Lemma 3.2, we write
Nλ =N+ ∪N−,λ λ
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αλ := inf
u∈Nλ
J (u);
α+λ := inf
u∈N+λ
J (u);
α−λ := inf
u∈N−λ
J (u).
And then it is easy to get the following.
Lemma 3.3. If λ ∈ (0,Λ1), then there exists a positive constant c > 0 such that
αλ  α+λ < −c < 0.
Proof. It is enough to prove that there exists c > 0 such that α+λ < −c < 0. Let us note from (3.3) that
‖u‖pμ > p
∗(s) − q
p − q
∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
p∗(t) − q
p − q
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx, for u ∈N
+
λ .
Therefore
J (u) =
(
1
p
− 1
q
)
‖u‖pμ −
(
1
p∗(s)
− 1
q
)∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
(
1
p∗(t)
− 1
q
)∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
<
[(
1
p
− 1
q
)
p∗(s) − q
p − q +
p∗(s) − q
p∗(s)q
]∫
Ω
K (x)
|u|p∗(s)
|x|s dx
+
[(
1
p
− 1
q
)
p∗(t) − q
p − q +
p∗(t) − q
p∗(t)q
]∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
= (p
∗(s) − q)(p − p∗(s))
pqp∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
(p∗(t) − q)(p − p∗(t))
pqp∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
< 0.
Then the conclusion is obtained. 
Along the line of Proposition 9 in [26], we have:
Lemma 3.4. If λ ∈ (0,Λ1), then there exists a minimizing sequence {un} ⊂Nλ in W 1,p0 (Ω) for J (u) such that,
J (un) = αλ + o(1),
J ′(un) = o(1) in
(
W 1,p0 (Ω)
)−1
.
Proof. By Lemma 3.1 and Ekeland’s variational principle, we ﬁnd a minimizing sequence {un} ⊂Nλ satisfying
J (un) < αλ + 1
n
, (3.6)
J (un) < J (w) + 1
n
‖w − un‖μ, for each w ∈Nλ. (3.7)
From Lemma 3.3, there exists a constant c > 0 such that
J (un) =
(
1
p
− 1
p∗(t)
)
‖un‖pμ −
(
1
p∗(s)
− 1
p∗(t)
)∫
Ω
K (x)
|un|p∗(s)
|x|s dx−
(
1
q
− 1
p∗(t)
)
λ
∫
Ω
h(x)|un|q dx
< αλ + 1 < −c < 0. (3.8)
n
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0 <
qp∗(t)c
λ(p∗(t) − q) <
∫
Ω
h(x)|un|q dx d
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t |h+|∞‖un‖qμ, (3.9)
which implies that
un = 0.
Again by (3.8) and (3.9), it follows
‖un‖μ 
(
qp∗(t)c
λ(p∗(t) − q)d
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t |h+|∞
) 1
q
, (3.10)
‖un‖μ 
(
λp(p∗(t) − q)
q(p∗(t) − p) d
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t |h+|∞
) 1
p−q
. (3.11)
Now we prove that∥∥ J ′(un)∥∥(W 1,p0 (Ω))−1 → 0, as n → ∞.
First we claim that for each u ∈Nλ , there exist ε > 0 and a differentiable function ψ : B(0, ε) ⊂ W 1,p0 (Ω) →R+ satisfy-
ing ψ(0) = 1, ψ(v)(u − v) ∈Nλ and〈
ψ ′(0), v
〉= b1(u, v)
b2(u)
, ∀v ∈ W 1,p0 (Ω), (3.12)
where
b1(u, v) = p
∫
Ω
(
|∇u|p−2∇u∇v − μ |u|
p−2uv
|x|p
)
dx− p∗(s)
∫
Ω
K (x)
|u|p∗(s)−2uv
|x|s dx
− p∗(t)
∫
Ω
Q (x)
|u|p∗(t)−2uv
|x− x0|t dx− λq
∫
Ω
h(x)|u|q−2uv dx,
b2(u) = (p − q)
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− (p∗(s) − q)∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
(
p∗(t) − q) ∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx.
To prove the claim, for u ∈Nλ , let us deﬁne H :R× W 1,p0 (Ω) →R by
H(ψ,ω) = 〈 J ′(ψ(u − ω)),ψ(u − ω)〉
= |ψ |p
∫
Ω
(∣∣∇(u − ω)∣∣p − μ |u − ω|p|x|p
)
dx− |ψ |p∗(s)
∫
Ω
K (x)
|u − ω|p∗(s)
|x|s dx
− |ψ |p∗(t)
∫
Ω
Q (x)
|u − ω|p∗(t)
|x− x0|t dx− λ|ψ |
q
∫
Ω
h(x)|u − ω|q dx.
Then
H(1,0) = 〈 J ′(u),u〉= 0,
and
dH
dψ
∣∣∣∣
(1,0)
= p
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx− p
∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx− λq
∫
Ω
h(x)|u|q dx
= (p − q)
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− (p∗(s) − q) ∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
(
p∗(t) − q)∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx
= 0.
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R
+ such that ψ(0) = 1 and (3.12) holds. Moreover
H
(
ψ(v), v
)= 0, ∀v ∈ B(0, ε),
that is,〈
J ′
(
ψ(v)(u − v)),ψ(v)(u − v)〉= 0, ∀v ∈ B(0, ε).
It leads to
ψ(v)(u − v) ∈Nλ,
thus the claim is proved.
Then for each un ∈Nλ we obtain a function ψn : B(0, εn) →R+ for some εn > 0 such that,
ψn(w)(un − w) ∈Nλ.
Choose 0< ρ < εn , 0 = u ∈ W 1,p0 (Ω) and set wρ = ρ|u|
p−2u
‖u‖μ ,ηρ = ψn(wρ)(un − wρ) ∈Nλ . Then by (3.7),
J (ηρ) − J (un)−1
n
‖ηρ − un‖μ.
The mean value theorem implies
〈
J ′(un),ηρ − un
〉+ o(‖ηρ − un‖μ)−1
n
‖ηρ − un‖μ,
which shows〈
J ′(un),−wρ
〉+ (ψn(wρ) − 1)〈 J ′(un),un − wρ 〉−1
n
‖ηρ − un‖μ + o
(‖ηρ − un‖μ). (3.13)
Then
−ρ
〈
J ′(un),
|u|p−2u
‖u‖μ
〉
+ (ψn(wρ) − 1)〈 J ′(un) − J ′(ηρ),un − wρ 〉−1
n
‖ηρ − un‖μ + o
(‖ηρ − un‖μ),
and hence〈
J ′(un),
|u|p−2u
‖u‖μ
〉
−‖ηρ − un‖μ
nρ
+ o(‖ηρ − un‖μ)
ρ
+ (ψn(wρ) − 1)
ρ
〈
J ′(un) − J ′(ηρ),un − wρ
〉
. (3.14)
Notice that
‖ηρ − un‖μ  ρ
∣∣ψn(wρ)∣∣+ ∣∣ψn(wρ) − 1∣∣‖un‖μ,
and
lim
ρ→0
|ψn(wρ) − 1|
ρ

∥∥ψ ′n(0)∥∥.
For ﬁxed n, let ρ → 0 in (3.14), then from (3.11) there exists a constant C > 0, independent of ρ , such that〈
J ′(un),
|u|p−2u
‖u‖μ
〉
 C
n
(
1+ ∥∥ψ ′n(0)∥∥).
Now, to conclude, it is enough to show that ‖ψ ′n(0)‖ is uniformly bounded in n. By (3.11) and (3.12), it yields that∣∣〈ψ ′n(0), v〉∣∣ c‖v‖μ|b2(un)| , for some c > 0.
Then we only need to verify that∣∣b2(un)∣∣ c,
for some c > 0 and n large enough. By contradiction, we assume that there exists a subsequence {un} ⊂Nλ such that∣∣b2(un)∣∣= o(1). (3.15)
Combining (3.15) with un ∈Nλ , we calculate that
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∫
Ω
h(x)|un|q dx = ‖un‖pμ −
∫
Ω
K (x)
|un|p∗(s)
|x|s dx−
∫
Ω
Q (x)
|un|p∗(t)
|x− x0|t dx+ o(1)
= p
∗(s) − p
p − q
∫
Ω
K (x)
|un|p∗(s)
|x|s dx+
p∗(t) − p
p − q
∫
Ω
Q (x)
|un|p∗(t)
|x− x0|t dx+ o(1).
Again from (3.10) and (3.11), similarly to the proof of Lemma 3.2, it leads to
‖un‖μ 
(
λ
p∗(t) − q
p∗(t) − pd
tq
p∗(t)
Ω |Ω|
p∗(t)−q
p∗(t) S
− qp
μ,t |h+|∞
) 1
p−q
+ o(1).
Hence
‖un‖pμ  2max
{
p∗(s) − q
p − q |K |∞
‖un‖p
∗(s)
μ
S
p∗(s)
p
μ,s
,
p∗(t) − q
p − q |Q |∞
‖un‖p
∗(t)
μ
S
p∗(t)
p
μ,t
}
+ o(1).
To continue we distinguish two cases.
Case 1. For p
∗(s)−q
p−q |K |∞
‖un‖p
∗(s)
μ
S
p∗(s)
p
μ,s
 p
∗(t)−q
p−q |Q |∞
‖un‖p
∗(t)
μ
S
p∗(t)
p
μ,t
, we have
λ
(
p − q
2(p∗(t) − q)|Q |∞
) p−q
p∗(t)−p p∗(t) − p
(p∗(t) − q)|h+|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−t)(p−q)
p(p−t) + qp
μ,t + o(1).
Case 2. For p
∗(s)−q
p−q |K |∞
‖un‖p
∗(s)
μ
S
p∗(s)
p
μ,s
>
p∗(t)−q
p−q |Q |∞
‖un‖p
∗(t)
μ
S
p∗(t)
p
μ,t
, it holds
λ >
(
p − q
2(p∗(s) − q)|K |∞
) p−q
p∗(s)−p p∗(t) − p
(p∗(t) − q)|h+|∞ d
− tqp∗(t)
Ω |Ω|
q−p∗(t)
p∗(t) S
(N−s)(p−q)
p(p−s)
μ,s
S
q
p
μ,t + o(1).
Case 1 together with Case 2 implies that
λΛ1,
which contradicts λ ∈ (0,Λ1). Hence,〈
J ′(un),
|u|p−2u
‖u‖μ
〉
 C
n
. 
With all these preparations, the proof of Theorem 2.1 follows easily.
Proof of Theorem 2.1. By Lemma 3.4, there exists a PS sequence {un} ⊂Nλ for J (u) such that
J (un) = αλ + on(1), J ′(un) = on(1). (3.16)
Lemma 3.1 implies that {un} is bounded in W 1,p0 (Ω). Hence there exist a subsequence, still denoted by {un}, and uλ ∈
W 1,p0 (Ω) such that⎧⎪⎪⎪⎨
⎪⎪⎪⎩
un ⇀ uλ in W
1,p
0 (Ω);
un → uλ a.e. in Ω;
un → uλ in Lm(Ω), where 1m < p∗;
un → uλ in Lm
(
Ω, |x|−s), where 1m p∗(s).
(3.17)
Then it is easy to know that uλ is a solution for the problem (1.1). By (3.1) and un ∈Nλ ,
λ
∫
Ω
h(x)|un|q dx = q
p
‖un‖pμ − qp∗(t)
(∫
Ω
K (x)
|un|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|un|p∗(t)
|x− x0|t dx
)
− q
(
1
p∗(s)
− 1
p∗(t)
)∫
K (x)
|un|p∗(s)
|x|s dx− q J (un)Ω
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p
‖un‖pμ − qp∗(t)
(∫
Ω
K (x)
|un|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|un|p∗(t)
|x− x0|t dx
)
− q J (un)
= q
p
‖un‖pμ − qp∗(t)
(
‖un‖pμ − λ
∫
Ω
h(x)|un|q dx
)
− q J (un).
Thus (
1− q
p∗(t)
)
λ
∫
Ω
h(x)|un|q dx q
(
1
p
− 1
p∗(t)
)
‖un‖pμ − q J (un)
> −q J (un). (3.18)
Let n → ∞ in (3.18). By (3.16) and αλ < 0,
λ
∫
Ω
h(x)|uλ|q dx > −qαλ 1
1− qp∗(t)
= − p
∗(t)q
p∗(t) − qαλ > 0,
which implies uλ = 0, and then the proof is ended. 
4. Proof of Theorem 2.2
Deﬁne
M1 :=
{
u ∈ W 1,p0 (Ω):
∫
Ω
u+ dx > 0,
∫
Ω
(
|∇u+|p − μ |u+|
p
|x|p
)
dx−
∫
Ω
K (x)
|u+|p∗(s)
|x|s dx
−
∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx =
∫
Ω
λ f (x,u+)u+ dx
}
;
M2 :=
{
u ∈ W 1,p0 (Ω):
∫
Ω
u− dx > 0,
∫
Ω
(
|∇u−|p − μ |u−|
p
|x|p
)
dx−
∫
Ω
K (x)
|u−|p∗(s)
|x|s dx
−
∫
Ω
Q (x)
|u−|p∗(t)
|x− x0|t dx =
∫
Ω
−λ f (x,u−)u− dx
}
;
M3 := M1 ∩ M2;
K1 := {u ∈ M1: u  0};
K2 := {u ∈ M2: u  0};
K3 := M3.
Under the assumptions of Theorem 2.2, the following lemmas are true. Since they are similar to the lemmas in [22], we
only sketch the proofs here.
Lemma 4.1. For every u0 ∈ W 1,p0 (Ω), u0 > 0 (u0 < 0), there exists tλ > 0 such that tλu0 ∈ M1 (∈ M2). Moreover limλ→∞ tλ = 0.
Proof. For u ∈ W 1,p0 (Ω), we consider the functional
ϕ1(u) =
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx−
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
∫
Ω
λ f (x,u)u dx.
From (2.6),
ϕ1(tu0) Atp − Btp∗(s) − Ctp∗(t) − λc4Dtl,
where A = ∫
Ω
(|∇u0|p − μ |u0|p|x|p )dx, B =
∫
Ω
K (x) |u0|
p∗(s)
|x|s dx, C =
∫
Ω
Q (x) |u0|
p∗(t)
|x−x0|t dx, D =
∫
Ω
|u0|l dx. Similarly,
ϕ1(tu0) Atp − Btp∗(s) − Ctp∗(t) − λc3Dtl.
Y. Li et al. / J. Math. Anal. Appl. 388 (2012) 525–538 535Since p∗(s) p∗(t) > p, l > p, by Bolzano’s theorem, there exists t = tλ such that
ϕ1(tλu0) = 0.
On the other hand, noticing that
ϕ1(tu0) Atp − λc3Dtl,
we choose t1 such that At
p
1 − λc3Dtl1 = 0, that is, t1 = ( Ac3Dλ )
1
l−p . After taking tλ ∈ [0, t1], it ﬁnishes the proof. 
Remark 3. As Lemma 1 in [22], it is easy to see that M3 is nonempty.
Lemma 4.2. There exist C1,C2 > 0, such that, for every u ∈ Ki , i = 1,2,3,
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx =
∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx+
∫
Ω
λ f (x,u)u dx
 C1 J (u)
 C2
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx.
Proof. We only prove the ﬁrst inequality here. The remainder can be proved similarly to Lemma 2 in [22]. By (2.6),
J (u) = 1
p
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− 1
p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
∫
Ω
λF (x,u)dx
= 1
p
(∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx+
∫
Ω
λ f (x,u)u dx
)
− 1
p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
∫
Ω
λF (x,u)dx
=
(
1
p
− 1
p∗(s)
)∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
(
1
p
− 1
p∗(t)
)∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx+
λ
p
∫
Ω
f (x,u)u dx−
∫
Ω
λF (x,u)dx

(
1
p
− 1
p∗(s)
)∫
Ω
K (x)
|u|p∗(s)
|x|s dx+
(
1
p
− 1
p∗(t)
)∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx+
(
1
p
− 1
c2
)
λ
∫
Ω
f (x,u)u dx.
Then p < c2 < p∗ yields the conclusion. 
Lemma 4.3. There exists c > 0 such that
‖u+‖μ  c, ∀u ∈ K1;
‖u−‖μ  c, ∀u ∈ K2;
‖u+‖μ,‖u−‖μ  c, ∀u ∈ K3.
Proof. We omit it here since it is almost the same as Lemma 3 in [21]. 
Lemma 4.4. There exists c > 0 such that,
J (u) c‖u‖pμ, ∀u ∈ W 1,p(Ω),
as ‖u‖μ small enough.
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J (u) = 1
p
∫
Ω
(
|∇u|p − μ |u|
p
|x|p
)
dx− 1
p∗(s)
∫
Ω
K (x)
|u|p∗(s)
|x|s dx−
1
p∗(t)
∫
Ω
Q (x)
|u|p∗(t)
|x− x0|t dx−
∫
Ω
λF (x,u)dx
 1
p
‖u‖pμ − 1p∗(s)C1‖u‖
p∗(s)
μ − 1p∗(t)C2‖u‖
p∗(t)
μ − C‖u‖lLl
 1
p
‖u‖pμ − 1p∗(s)C1‖u‖
p∗(s)
μ − 1p∗(t)C2‖u‖
p∗(t)
μ − C‖u‖lμ
= ‖u‖pμ
(
1
p
− 1
p∗(s)
C1‖u‖p
∗(s)−p
μ − 1p∗(t)C2‖u‖
p∗(t)−p
μ − C‖u‖l−pμ
)
.
Since p < l, p < p∗(t) p∗(s), it follows
J (u) c‖u‖pμ,
as ‖u‖μ is small enough. 
Lemma 4.5. Mi is a C1 sub-manifold with co-dimension 1 (i = 1,2), 2 (i = 3). The sets Ki (i = 1,2,3) are complete. And for every
u ∈ Mi,
TuW
1,p
0 (Ω) = TuM1 ⊕ span{u+},
TuW
1,p
0 (Ω) = TuM2 ⊕ span{u−},
TuW
1,p
0 (Ω) = TuM3 ⊕ span{u+,u−},
where TuM is the tangent space at u of the Banach manifold M. Moreover, the projection onto TuMi in this decomposition is uniformly
continuous on bounded sets of Mi .
Proof. We only prove that Mi is a C1 sub-manifold of W 1,p(Ω) here. The remainder can be proved by using Lemma 4.3, as
Lemma 5 in [22].
Denote
M¯1 =
{
u ∈ W 1,p0 (Ω):
∫
Ω
u+ dx > 0
}
;
M¯2 =
{
u ∈ W 1,p0 (Ω):
∫
Ω
u− dx > 0
}
;
M¯3 = M¯1 ∩ M¯2.
Notice that Mi ⊂ M¯i and M¯i is open in W 1,p(Ω), i = 1,2,3.
We construct a C1 function ϕi : M¯i −→ Rd , with d = 1 (i = 1,2), d = 2 (i = 3) such that Mi is the inverse image of a
regular value of ϕi . Indeed, let us deﬁne that, for u ∈ M¯1,
ϕ1(u) =
∫
Ω
(
|∇u+|p − μ |u+|
p
|x|p
)
dx−
∫
Ω
K (x)
|u+|p∗(s)
|x|s dx−
∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx−
∫
Ω
λ f (x,u)u+ dx;
for u ∈ M¯2,
ϕ2(u) =
∫
Ω
(
|∇u−|p − μ |u−|
p
|x|p
)
dx−
∫
Ω
K (x)
|u−|p∗(s)
|x|s dx−
∫
Ω
Q (x)
|u−|p∗(t)
|x− x0|t dx−
∫
Ω
λ f (x,u)u− dx;
for u ∈ M¯3,
ϕ3(u) =
〈
ϕ1(u),ϕ2(u)
〉
.
Obviously, Mi = ϕ−1(0). From standard arguments (see [27] and [28]), ϕi is of class C1.i
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〈
ϕ′1(u),u+
〉= p ∫
Ω
(
|∇u+|p − μ |u+|
p
|x|p
)
dx− p∗(s)
∫
Ω
K (x)
|u+|p∗(s)
|x|s dx− p
∗(t)
∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx
− λ
∫
Ω
(
f (x,u)u+ + fu(x,u)u2+
)
dx
= p
(∫
Ω
K (x)
|u+|p∗(s)
|x|s dx+
∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx+ λ
∫
Ω
f (x,u)u+ dx
)
− p∗(s)
∫
Ω
K (x)
|u+|p∗(s)
|x|s dx− p
∗(t)
∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx− λ
∫
Ω
(
f (x,u)u+ + fu(x,u)u2+
)
dx
= (p − p∗(s)) ∫
Ω
K (x)
|u+|p∗(s)
|x|s dx+
(
p − p∗(t)) ∫
Ω
Q (x)
|u+|p∗(t)
|x− x0|t dx
+ λ(p − 1)
∫
Ω
f (x,u)u+ dx− λ
∫
Ω
fu(x,u)u
2+ dx
 λ(p − 1)
∫
Ω
f (x,u)u+ dx− λ
∫
Ω
fu(x,u)u
2+ dx
 λ
(
p − 1− 1
c1
)∫
Ω
f (x,u)u+ dx
 λ
(
p − 1− 1
c1
)
c3‖u+‖qLq
< 0.
Thus M1 is a C1 sub-manifold of W 1,p(Ω). The case for M2 is similar. For u ∈ M3, we have〈
ϕ′1(u),u−
〉= 〈ϕ′2(u),u+〉= 0,
and then M3 is also a C1 sub-manifold of W 1,p(Ω). 
Lemma 4.6. The restricted functional J |Ki (i = 1,2,3) satisﬁes the PS condition with energy level c for every
c < min
{
p − s
p(N − s) K (0)
N−p
s−p S
N−s
p−s
μ,s ,
p − t
p(N − t) Q (x0)
N−p
t−p S
N−t
p−t
0,t
}
.
Proof. From [19] we deduce that the functional J satisﬁes the PS condition with energy level c for every
c < min
{
p − s
p(N − s) K (0)
N−p
s−p S
N−s
p−s
μ,s ,
p − t
p(N − t) Q (x0)
N−p
t−p S
N−t
p−t
0,t
}
.
It is enough to show that for PS sequence, {uk} ⊂ Ki , of the functional J , there exists a subsequence {uk j } which con-
verges strongly in Ki . Let v j ∈ Tu jW 1,p0 (Ω) be a unit tangential vector such that〈
J ′(u j), v j
〉= ∥∥ J ′(u j)∥∥(W 1,p0 (Ω))−1 .
Lemma 4.5 gives
v j = w j + z j,
where w j ∈ Tu j Mi , z j ∈ span{(u j)+, (u j)−}. Since { J (u j)} is uniformly bounded, by Lemma 4.2, {u j} is uniformly bounded
in W 1,p0 (Ω), and then {w j} is uniformly bounded in W 1,p0 (Ω). Hence∥∥ J ′(u j)∥∥(W 1,p0 (Ω))−1 =
〈
J ′(u j), v j
〉= 〈( J |Ki )′(u j), v j 〉→ 0,
and the results follow. 
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functional J from Lemma 4.6, and hence a weak solution to (1.1).
Now we prove Theorem 2.2 by using Ekeland’s variational principle.
Proof of Theorem 2.2. By the construction of the manifold Ki , J is bounded below over Ki . Via Ekeland’s variational prin-
ciple, there exists a sequence {vk} ∈ Ki such that
J (vk) → αi := inf
Ki
J (u), ( J |Ki )′(vk) → 0.
From Lemma 4.1, let us choose u0 > 0 satisfying
α1  J (tλu0)
1
p
tpλ
∫
Ω
|∇u0|p dx.
With Lemma 4.4, it follows
α1 → 0 as λ → ∞.
By the estimate of tλ in Lemma 4.1, there exists λ > λ∗(N, p, l, c3) such that
α1 < min
{
p − s
p(N − s) K (0)
N−p
s−p S
N−s
p−s
μ,s ,
p − t
p(N − t) Q (x0)
N−p
t−p S
N−t
p−t
0,t
}
.
The very same argument applies to α2 and α3. From Lemma 4.6, it follows that {vk} has a convergent subsequence, still
denoted by {vk}. Thus J has a critical point in Ki (i = 1,2,3). And by Remark 4, we get the conclusion desired. 
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